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ASYMPTOTIC BEHAVIOUR OF A STRUCTURED POPULATION
MODEL ON A SPACE OF MEASURES
JÓZSEF Z. FARKAS1, PIOTR GWIAZDA2, AND ANNA MARCINIAK-CZOCHRA3
Abstract. In this paper we consider a physiologically structured population model
with distributed states at birth, formulated on the space of non-negative Radon mea-
sures. Using a characterisation of the pre-dual space of bounded Lipschitz functions,
we show how to apply the theory of strongly continuous positive semigroups to such
a model. In particular, we establish the exponential convergence of solutions to a
one-dimensional global attractor.
Keywords: Physiologically structured populations, non-negative Radon measures,
bounded Lipschitz distance, spectral theory of positive semigroups.
1. Introduction
Mathematical models describing the time evolution of physiologically structured
populations have been extensively studied for many years, see e.g. [38, 53]. Many
of the models take the form of evolutionary partial differential equations describing
the density of individuals with respect to a specific structural variable representing,
for example, age, size, phenotypic trait or cell maturity, see e.g. [1, 11, 12, 19, 44].
Classical results for such models were obtained typically in the space of Lebesgue
integrable functions (densities), see for example the early monograph [53]. The choice
of the state space L1 is biologically motivated, as convergence with respect to the
natural norm implies convergence of the total population size. At the same time, the
spectral theory of positive operators on abstract Lebesgue (AL) spaces, which provides
a convenient framework to analyse structured population models, is well-developed,
see e.g. [5, 17, 20, 46].
The asymptotic behaviour of solutions of age-structured models was already stu-
died using a direct Laplace transform technique, utilising the corresponding Volterra
integral equation, see e.g. [25, 26]. This approach was further developed later by
a number of researchers, see e.g. [36]. However, with the blossoming of semigroup
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theory in the middle of the 20th century, researchers started to develop a general
semigroup framework for treating structured population models, see e.g. [20, 53], and
further references therein. For example, a number of authors have used semigroup
theory to show that the long term behaviour of solutions of wide classes of models can
be characterised via a reduction to a one dimensional evolution problem. In particular,
compactness and positivity properties of the governing semigroups were proved to be
useful to investigate the asymptotic behaviour of solutions, see e.g. [51, 52, 53]. Later,
some of the results were generalised to other classes of physiologically structured
population models, most notably size-structured models, see e.g. [38, 47, 48], and
attempts were made to establish similar results for nonlinear models too, see e.g.
[28].
An alternative way of studying the long term dynamics of structured models have
been proposed by Perthame and colleagues, see e.g. [39, 40, 41, 44]. This approach
is based on multiplying the governing equations by a nonlinear function of the so-
lution, the so called entropy function, which in turn leads to a family of nonlinear
renormalisations (relative entropies). This method can be directly applied only in the
L1 setting, and an extension to measure spaces requires a concept of a composition
of a nonlinear function with bounded measures. Such an approach has been recently
undertaken in [33, 18]. At the same time, the method of generalised relative entropy
does not require to establish a spectral gap condition (often utilised in the semi-
group framework), but this in turn leads to the lack of the exponential convergence
of solutions; instead, only algebraic convergence rate can be shown.
More recently, there have been a number of results published showing that par-
ticular classes of quasilinear equations exhibit blow-up phenomena. That is, due
to the nonlinear transport term, solutions with L1 initial data tend to concentrate
in finite time, see for example [2]. Therefore, researchers have started to study
structured population models in spaces of non-negative Radon measures, see e.g.
[8, 15, 21, 29, 30, 45, 49]. This more general approach is particularly useful for mo-
dels, which are shown to exhibit a lack of local/global existence on Lebesgue spaces.
At the same time, the idea of representing a heterogeneous population as a sum of
masses concentrated in different points of the individual state space, can be also mo-
tivated from the biological point of view. For example, in some concrete applications,
population data might be only obtained in measurements taken at discrete physiolo-
gical states (cohorts); which data then naturally gives rise to define initial conditions
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in measure spaces. In particular, the possible choice of spaces of non-negative Radon
measures was already proposed in [38], as potentially relevant for biological applica-
tions, when the initial distribution of individuals is concentrated with respect to the
structuring variable, i.e. it is not absolutely continuous with respect to the Lebesgue
measure.
A framework for the analysis of solutions of structured population models using
Wasserstein-type metrics, adjusted to the non-conservative character of the considered
problem, has been proposed in [29], using a flat metric (bounded Lipschitz distance);
and in [30] using a Wasserstein-type metric, adjusted to spaces of non-negative Radon
measures with integrable first moments. The advantage of the proposed approach is
in providing the structure of the space appropriate to compare solutions and to study
their stability. Among others, continuous dependence with respect to the model ingre-
dients is important in the context of numerical approximations and model calibration
based on experimental data. However, so far, only results on existence, uniqueness
and Lipschitz continuous dependence of solutions on the model ingredients have been
obtained. This has allowed researchers to establish the stability of numerical schemes
based on a particle method, for example the EBT (escalator boxcar train) algorithm,
see e.g. [7, 16, 34]. Asymptotic analysis of a structured model with single state
at birth, incroporating identical fertility and mortality rates; with initial data in a
space of Radon measures equipped with the total variation norm has been undertaken
recently in [27].
Models containing only integro-differential terms have been investigated on measure
spaces using an approach of strongly continuous semigroups, see e.g. [10]. The long-
term behaviour of such structured populations models is also a topic of a recent paper
by Mischler and Scher [42], providing a spectral analysis of C0-semigroups. Extending
this approach to more general structured population models, i.e. to those including
also a transport term on spaces of non-negative Radon measures leads to a difficulty,
which is related to the lack of strong continuity of the semigroup generated by a
transport equation on the space of measures with respect to the total variation norm.
In this paper we extend the semigroup approach applied previously on Lebesgue
spaces, see e.g. [23, 24], to a problem with initial data in a space of non-negative
Radon measures. Results concerning Lipschitz dependence on time, initial data and
model parameters of the solutions in the space of measures were based on the analysis
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of semi-flows in metric spaces given by a positive cone of Radon measures, equipped
with a Lipschitz bounded distance, or other Wasserstein-type metrics.
When approaching the problem with the spectral theory of positive semigroups,
one needs a Banach lattice. Extending the positive cone to a whole space of Radon
measures with a Lipschitz bounded norm provides a linear structure of the functional
space, which needs to be closed to obtain a Banach space. The Lipschitz bounded
norm has been equivalently defined in the literature as flat norm [43], Kantorovich-
Rubinstein norm [6], Fortet-Mourier norm [37] or Dudley norm [21], see [31] for more
details.
To establish irreducibility of a semigroup, it may be crucial to know a characte-
risation of the pre-dual space to the space of bounded Lipschitz functions. In the
abstract theory of functional analysis and approximation theory a so-called free Lip-
schitz space is considered. This space is pre-dual to the space of Lipschitz continuous
functions with 0 at origin, denoted by Lip0, see e.g. [50]. Similar constructions of the
pre-dual space to the space of bounded Lipschitz functions, which are not necessarily
zero at a fixed point, have been proposed by Hille and Worm in [35]. A remarkable
observation is that the transport semigroup is strongly continuous on this pre-dual
space and that this space is a closure of the space of Radon measures with respect to
the bounded Lipschitz distance. This allows the extension of some of the results on
strongly continuous quasi-compact, positive semigroups from the L1 setting to more
general state spaces. Thus, we will prove that asymptotically our model essentially re-
duces to a one dimensional evolution problem, under some assumptions on the model
ingredients. Interestingly, the C0 property of the transport semigroup does not hold
in the dual space, as shown in ref. [32, Lemma 2].
We also note that our results can be extended to a more general setting, in particular
to a space of real Borel measures on a metric space, see [31]. Such framework can
then be applied to analyse structured population models on networks.
2. Spaces and norms
Here we briefly introduce the notations for the spaces and norms we are going to
use throughout the paper. In particular we set our state space as
X =M(R+)
||·||∗
BL;
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that is, X is the closure of the set of Radon measures on R+, with respect to the
norm
||µ||∗BL := sup
{∣∣∣∣
∫
ϕ dµ
∣∣∣∣ : ||ϕ||BL ≤ 1
}
.
Here || · ||∗BL is a dual norm to the norm on the space BL(R+) of bounded Lipschitz
functions on R+, given by
(1) ‖ϕ‖BL := || |ϕ|+ |∂xϕ| ||∞ .
Note that (BL(R+), || · ||BL) is a Banach lattice, with positive cone
BL+(R+) := {f ∈ BL(R+) | f ≥ 0} ,
which defines an ordering, i.e. f ≥ g if and only if (f − g) ∈ BL+(R+). Furthermore,
we have (
M(R+)
||·||∗
BL
)∗
= BL(R+),
see Theorem 3.7 in [35], and in particular, in our setting we have
(
M(R+)
||·||∗
BL
)
+
=M+(R+) = X+,
see Theorem 3.9 in [35].
The latter two properties hold, since the norm chosen above in (1) is equivalent to
the norm used in [35], i.e. it is equivalent to the norm
‖ϕ‖BL2 := ‖ϕ‖∞ + |ϕ|Lip,
where
|ϕ|Lip := sup
x,y∈R+
{∣∣ϕ(x)− ϕ(y)∣∣
d(x, y)
, x 6= y
}
,
and
‖ϕ‖∞ := sup
x∈R+
|ϕ(x)| .
Our choice of the norm (1) is important for the analysis presented in Section 4.
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3. Problem formulation and existence of solutions
We consider a linear structured population model involving a transport opera-
tor describing the development of individuals with respect to a physiological struc-
turing variable (determining individual state), an integral operator describing the
birth/recruitment process, and a linear decay term accounting for individual morta-
lity. Specifically, we consider the following model.
(2) ∂tµ+ ∂x (b(x)µ) + c(x)µ =
∫
R+
η(y) dµ(y), (t, x) ∈ R+ × R+, µ0 ∈ X+.
Linear and nonlinear structured population models with distributed recruitment pro-
cesses, but formulated on Lebesgue spaces were introduced and studied recently for
example in [1, 13, 24]. However, it is important to note that in contrast to [1, 13, 24]
here we do not impose a finite maximal value for the structuring variable x. For some
applications this might be a more natural assumption; but at the same time this poses
additional challenges in the spectral analysis of model (2). This was already observed
in the case of different classes of models formulated on Lebesgue spaces, see e.g. [23].
We impose the following assumptions on the model parameters.
Assumptions 3.1.
(i) c ∈ BL(R+).
(ii) y 7→ η(y) ∈ BL (R+; (X+, ‖·‖
∗
BL)).
(iii) b ∈ BL(R+), b > 0.
Note that these assumptions are required to study the existence and uniqueness
of solutions of model (2). Later on, when studying the asymptotic behaviour of
solutions, we will impose further conditions on the model ingredients.
We note that a norm in the space BL (R+; (X+, ‖·‖
∗
BL)) is defined as
‖η‖BL = ‖η‖BC + Lip(η) , where ‖η‖BC = sup
x∈R+
‖η(x)‖∗BL,
and Lip(η) is the usual Lipschitz constant of η.
We begin with the definition of a solution of model (2) on a finite time interval
[0, T ], and for values in a positive cone of Radon measures.
Definition 3.2. Given T > 0, a function µ : [0, T ]→ X+ is a weak solution of model
(2) on the time interval [0, T ], if µ is narrowly continuous with respect to time, and
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for all ϕ ∈ (C1 ∩BL) (R+ × R+) the following equality holds:∫ T
0
∫
R+
(∂tϕ(t, x) + b(x) ∂xϕ(t, x)− c(x) ϕ(t, x)) dµt(x) dt
+
∫ T
0
∫
R+
(∫
R+
ϕ(t, y)d[η(x)](y)
)
dµt(x) dt(3)
=
∫
R+
ϕ(T, x) dµT (x)−
∫
R+
ϕ(0, x) dµ0(x).
For the notion of narrow continuity we refer to [3, § 5.1], where this concept was
introduced.
Definition 3.3. We say that a sequence {µn}n∈N ⊂M(R+) converges narrowly to a
measure µ ∈M(R+), if and only if
lim
n→+∞
∫
R+
ϕ(x) d (µn − µ) (x) = 0, ∀ϕ ∈ Cb(R+),
where Cb denotes the space of bounded continuous functions. Similarly, we say that
a mapping µ : [0, T ] 7→ M(R+) is narrowly continuous, if for every ϕ ∈ Cb(R+) the
function
f : [0, T ] 7→ R, f(t) =
∫
R+
ϕ(x) dµt(x)
is continuous.
Above, in Definition 3.2, the integral
∫
R+
ϕ(t, y) d[η(x)](y) denotes the integral of
ϕ(t, y) with respect to the measure η(x) in the variable y. Similarly,
∫
R+
ϕ(T, x) dµT (x)
is the integral of ϕ(T, x) with respect to the measure µT in the variable x.
Local-in-time existence of solutions and their Lipschitz dependence on time, initial
data and model parameters follow from Theorem 2.10 in [15], formulated therein for
the non-autonomous case. For the reader’s convenience, we recall this result adjusted
to our problem and replacing the flat metric by the bounded Lipschitz norm.
Proposition 3.4. Let Assumptions 3.1 (i)-(iii) hold true. Then model (2) is governed
by a strongly continuous semigroup {T (t)}t≥0 on a finite time interval [0, T ], that
admits the following properties.
(1) T (0) = Id, and for all t1, t2 ∈ [0, T ] with t1 + t2 ∈ [0, T ], we have T (t1) ◦
T (t2) = T (t1 + t2).
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(2) For all t ∈ [0, T ] and for all µ1, µ2 ∈ X+, the following estimate holds:
‖T (t)µ1 − T (t)µ2‖
∗
BL ≤ C1(t) ||µ1 − µ2||
∗
BL ,
where
C1(t) = exp
[
3t (‖∂xb‖∞ + ‖c‖BL + ‖η‖BL)
]
.
(3) For all t ∈ [0, T ] and for all µ0 ∈ X+, define µt = T (t)µ0. Then, the solution
µ of problem (2) is Lipschitz continuous with respect to time and the following
estimate holds:
‖T (t)µ0 − µ0‖
∗
BL ≤ C2(t)‖µ0‖TV,
where ‖·‖TV denotes the total variation norm, and
C2(t) = ‖b‖∞ + (‖c‖∞ + ‖η‖BC) exp [(‖c‖∞ + ‖η‖BC) t].
(4) For all µ0 ∈ X+, the orbit t→ T (t)µ0 of the semigroup is a weak solution of
the linear autonomous problem (2) in the sense of Definition 3.2.
Above, in Proposition 3.4 assertion (2) corresponds to the Lipschitz dependence of a
model solution on the initial data, while assertion (3) characterises its time regularity.
In the next section we show that the semigroup T (t) can be extended to the whole
time interval [0,∞) due to the arbitrary choice of T <∞.
4. Asymptotic behaviour
In this section we are going to characterise the asymptotic behaviour of solutions of
model (2). In particular, using results from the theory of strongly continuous positive
semigroups on Banach lattices, we show that solutions of model (2) approach a finite
dimensional attractor. One of the main difficulties we need to overcome is that model
(2) is not governed by an eventually compact semigroup; and the lack of eventual
compactness in turn poses challenges in the spectral analysis of the semigroup. We
refer the interested reader to [23], where a (hierarhic) structured population model,
where individuals exhibit cannibalistic behaviour, with an unbounded individual state
space (i.e. no finite maximal size) was investigated. In contrast to the model studied in
[23] an added inherent difficulty of model (2) is that for structured population models
with distributed recruitment processes it is not possible to characterise the point
spectrum of the generator of the semigroup via roots of an associated characteristic
equation, in general; see for example [24] for more details.
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For some standard definitions and notations from the spectral theory of strongly
continuous semigroups not explicitly introduced here we refer the reader to [20].
First we rewrite model (2) as an abstract Cauchy problem on the state space
X =M(R+)
||·||∗
BL as follows:
(4)
dµ
dt
= (A+ B + C)µ, µ(0) = µ0,
where we define
Aµ = −
∂
∂x
(b µ) , D(A) = L1(R+) ∩ X ,(5)
B µ = −c µ, D(B) = X ,(6)
C µ =
∫
R+
(η(y)) dµ(y), D(C) = X .(7)
Note that A is a densely defined closed operator, and the assumptions we imposed
on b (see Assumptions 3.1) imply that it generates a strongly continuous semigroup
of positive operators on X , denoted by TA(t). Furthermore, our assumption on η (see
Assumptions 3.1 (ii)) implies that C is a positive operator, i.e. it maps X+ into X+.
Proposition 4.1. Under Assumptions 3.1(i)-(iii), there exists a unique weak solution
µ : [0, T ]→ X of model (2), which coincides with a trajectory of a strongly continuous
semigroup T (t) on the Banach space M(R+)
||·||∗
BL, defined for all t ∈ R+.
Proof. The assertion for the positive cone X+ follows from Proposition 3.4 and from
the observation that, in fact, the semigroup T (t) can be defined on the whole interval
[0,∞), due to the arbitrary choice of T < ∞. Indeed, two semigroups T T1(t) and
T T2(t), defined for t ∈ [0, T1] and t ∈ [0, T2], respectively, coincide on the interval
[0,min{T1, T2}], because the corresponding solutions satisfy the weak formulation.
Hence, the semigroup T (t) of solutions can be extended to the whole interval [0,∞).
Also note that the semigroup T (t) is Lipschitz with respect to time and initial data.
To extend the result to the whole state space M(R+), we apply the Hahn-Jordan
decomposition of a measure into its negative and positive part, and use the linearity
of the problem. Hence, a strongly continuous semigroup is defined for all initial
data in the normed space M(R+) with the bounded Lipschitz distance. Also note
that a Lipschitz operator can be extended to the closure of the domain [4, Th.2.6]
M(R+)
||·||∗
BL = X .
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To prove that it defines a strongly continuous semigroup for t = 0, on the whole
state space X , we take an approximation of µ0 ∈ X by Radon measures µ
ε
0, such that
‖µ0 − µ
ε
0‖
∗
BL <
ε
2C1(1) + 1
, with C1 given in Proposition 3.4. Using the estimates (2) and (3) from Proposition
3.4, we obtain
‖T (t)µ0 − µ0‖
∗
BL ≤ ‖T (t)µ0 − T (t)µ
ε
0‖
∗
BL + ‖T (t)µ
ε
0 − µ
ε
0‖
∗
BL + ‖µ0 − µ
ε
0‖
∗
BL < ε
for
t < δ =
ε
2C2(1) ‖µε0‖TV
.
Remark 4.2. Note that the choice of the space X is essential. The strong continuity
does not hold if we take the dual space (BL)∗ instead of its closed subset X , see [32,
Lemma 2].
Next we are going to characterise the asymptotic behaviour of the semigroup T (t)
generated by A+ B + C, and in turn the asymptotic behaviour of solutions of model
(2). The asymptotic behaviour of T (t) is naturally determined by its growth bound
ω0, together with the boundary spectrum of its generator (in the simplest case, its
spectral bound). Let us recall the definition of the growth bound of a semigroup T (t),
and the spectral bound of its generator A.
ω0 = ω0(T ) := inf
{
w ∈ R | ∃Mw ≥ 1, such that ||T (t)|| ≤ Mwe
wt, ∀ t ∈ R+
}
,
s(A) = sup {Re(λ) | λ ∈ σ(A)} ,
where σ(A) denotes the spectrum of the operator A. Note that in general we have
−∞ ≤ s(A) ≤ ω0 <∞.
Furthermore, we recall that for a bounded linear operator T on Y , the so-called
essential norm is given by
(8) ‖T‖ess := dist (T,K(Y)) ,
where K(Y) denotes the set of compact linear operators on Y . The essential growth
bound of the semigroup T (t) on Y with generator A is then defined as
(9) ωess (T ) [= ωess (A)] = lim
t→∞
(
ln ‖T (t)‖ess
t
)
.
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It is readily seen that, for any K ∈ K(Y),
(10) ωess (A) = ωess (A+K) .
The significance of the essential growth bound lies in the fact that
(11) ω0 (T ) = max {ωess (T ) , s (A)} ,
see [20] for more details.
There is an extensive literature of results on the asymptotic behaviour of positive
semigroups, and in particular for positive irreducible semigroups exhibiting in addition
certain compactness properties, see e.g. [5, 17, 20]. Indeed, over the past couple
of decades results concerning spectral properties of semigroups naturally arising in
structured population dynamics became abundant, we just mention here the early
papers [47, 48, 52]. In paticular, we note that for eventually compact semigroups
(which naturally govern structured population models with bounded individual state
space) the spectral mapping theorem holds true, and in particular their essential
spectrum is empty, see e.g. [20, 22]. Our model (2) does not impose a finite maximal
value of the structuring variable, hence the governing semigroup cannot be shown
eventually compact. To overcome the lack of this desirable regularity property of
the governing semigroup we are going to apply a different notion of compactness.
In particular, let us recall from [20] the notion of quasi-compactness of a strongly
continuous semigroup.
Definition 4.3. A strongly continuous semigroup T (t) on a Banach space X is called
quasi-compact if
lim
t→∞
inf {‖T (t)−K‖ | K ∈ K(X )} = 0.
Note that, as stated in Proposition 3.5. in [20, Ch.V], a semigroup T (t) is quasi-
compact if and only if ωess(T ) < 0.
Proposition 4.4. Let Assumptions 3.1(i)-(iii) hold true, and in addition assume that
b′(x) ≤ 0 holds; and that there exists a constant κ > 0, such that for every x ∈ R+
we have c(x) ≥ |c′(x)| + κ. Then, the semigroup T (t) generated by A + B + C is
quasi-compact.
Proof. First note that the integral operator C is compact, since it can be approximated
by operators of finite dimensional range. Hence by invoking Proposition 3.6 from [20,
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Ch.V] it is sufficient to show that the semigroup TA+B(t) generated by A + B is
quasi-compact.
To this end note that on the grounds of Proposition 3.5 in [20, Ch.V] it is sufficient
to show that the following inequality holds true
(12) max {s(A+ B), ωess (TA+B)} = ω0 (TA+B) < 0;
that is, the semigroup TA+B(t) is strictly contractive.
To estimate the norm of the semigroup TA+B(t), we consider the dual problem
(backward equation)
∂tϕ(t, x) = b(x) ∂xϕ(t, x) + c(x) ϕ(t, x).(13)
The dual problem above is governed by the adjoint semigroup T ∗A+B(t), and we have
(14) ‖TA+B‖L((X ,‖·‖∗BL);(X ,‖·‖
∗
BL
)) =
∥∥T ∗A+B∥∥L(BL;BL).
In particular, we consider two problems given by the adjoint operators
A∗ ϕ = b ∂xϕ,(15)
B∗ ϕ = c ϕ.(16)
First we note that the semigroup T ∗A(t) generated by the adjoint operator A
∗ is
contractive (see e.g. [20, Ch.II]), i.e. ||T ∗A(t)|| ≤ 1, ∀ t ≥ 0 holds, if b is a monotone
decreasing function, i.e. b′ ≤ 0. Consequently, it follows from the definition of the
growth bound ω0 (see above) that ω0 (T
∗
A) ≤ 0 holds.
Next we show that the (bounded) operator B∗ generates a positive contraction
semigroup T ∗B (t) satisfying ‖T
∗
B (t)‖ ≤ e
−κt, t ≥ 0, for some κ > 0.
Since the corresponding backward equation holds for negative times, we change
variables τ = −t and obtain
∂tϕ(t, x) = −c(x)ϕ(t, x).
Differentiating with respect to x both sides of the equation above yields
∂t∂xϕ(t, x) = −c(x)∂xϕ(t, x)− c
′(x) ϕ(t, x).
We have the following estimates
∂t|ϕ(t, x)| ≤ −c(x)|ϕ(t, x)|,
∂t|∂xϕ(t, x)| ≤ −c(x)|∂xϕ(t, x)| − c
′(x) ϕ(t, x) sgn(∂xϕ(t, x))
≤ −c(x)|∂xϕ(t, x)|+ |c
′(x)| |ϕ(t, x)|.
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Assuming that there exists a κ > 0 such that c(x) ≥ |c′(x)|+ κ for every x ∈ R+, we
obtain
∂t (|ϕ(t, x)|+ |∂xϕ(t, x)|) ≤ −κ (|ϕ(t, x)|+ |∂xϕ(t, x)|) .
Therefore we conclude that ‖T ∗B (t)‖ ≤ e
−κt, ∀ t ≥ 0. Note that the operator B∗
is bounded. It then follows from a version of the Trotter product formula (see e.g.
Corollary 5.8 in [20, Ch.III]) that the semigroup T ∗A+B(t) generated byA
∗+B∗ satisfies
(17)
∣∣∣∣T ∗A+B(t)∣∣∣∣ ≤ exp (−κ t) , ∀ t ≥ 0,
which implies
(18) ||TA+B(t)|| ≤ exp (−κ t) , ∀ t ≥ 0,
and therefore we have ω0 (TA+B) ≤ −κ < 0, and the proof is completed.
The significance of quasi-compactness of a semigroup T (t) is demonstrated by the
following characterisation theorem, recalled from [20] for the reader’s convenience.
Theorem 4.5. [20, Ch.V, Theorem 3.7] Let T (t) be a quasi-compact strongly con-
tinuous semigroup with generator A on the Banach space X . Then, the following
holds.
(i) The set {λ ∈ σ(A) |Re(λ) ≥ 0} is finite (possibly empty!), and consists of
poles of the resolvent operator R(·,A) of finite algebraic multiplicity.
(ii) If we denote the set of poles by λ1, · · · , λm and their corresponding residues
by P1, · · · , Pm, with orders k1, · · · , km, respectively; then we have
T = T1(t) + · · ·+ Tm +R(t),
where
Tn(t) = e
λn t
kn−1∑
j=0
tj
j!
(A− λn)
j Pn, t ≥ 0, 1 ≤ n ≤ m,
and
||R(t)|| ≤M e−ε t, for some ε > 0, M ≥ 1, ∀ t ≥ 0.
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Moreover, if there exists a dominant eigenvalue λ∗ of multiplicity one with residue
P∗, then
(19)
∣∣∣∣e−λ∗ t T (t)− P∗∣∣∣∣ ≤M e−ε t,
for some M ≥ 1 and ε > 0. This property of a semigroup T (t) is called asynchronous
exponential growth (AEG for short), see e.g. [52]. We note that according to the
definition of AEG in [52], the dominant eigenvalue λ∗ does not necessarily have to
have algebraic multiplicity one.
The existence of a dominant eigenvalue λ∗ of multiplicity one is guaranteed if
the semigroup T (t) is irreducible, unless its spectrum is empty, see e.g. [5, C-III,
Proposition 3.5].
Next we recall a definition of irreducibility (see e.g. [5, C-III, Definition 3.1]), and
formulate a sufficient condition for the irreducibility of the semigroup T (t) generated
by A+ B + C. Below 〈·, ·〉 stands for the semi-inner product, i.e. the natural pairing
between elements of the Banach space X and its dual X ∗.
Definition 4.6. The positive semigroup T (t) on the Banach lattice X is called ir-
reducible, if for all 0 6≡ x ∈ X+, 0 6≡ x
∗ ∈ X ∗+ there exists a time t > 0 such that
〈T (t) x, x∗〉 > 0.
Note that in our setting we have 〈µ, ϕ〉 =
∫∞
0
ϕ dµ for µ ∈ X+, ϕ ∈ X
∗
+.
Proposition 4.7. If there exists a yˆ > 0, such that 0 ∈
⋂
y>yˆ
supp (η(y)), then the
semigroup T (t) generated by A+ B + C is irreducible.
Proof. First note that the above characterisation of irreducibility (Definition 4.6) is
equivalent to the following condition:
∀µ ∈ X+, µ 6≡ 0 we have
⋃
t≥0
supp(T (t)µ) = R+.
Next note that, since b > 0 and c is bounded (see Assumption 3.1); for every µ ∈ X+
it holds that if for some time t∗ ≥ 0 one has y∗ ∈ supp(T (t∗)µ), then for all y > y∗
there exists a time t ≥ t∗ such that y ∈ supp(T (t)µ).
Now take any 0 6≡ µ ∈ X+. By the previous observation (abd since µ is not
the zero element), there exists a t∗ ≥ 0, such that there exists a y∗ > yˆ, such that
we have y∗ ∈ supp(T (t∗)µ). Then, since 0 ∈ supp η(y∗), it follows that for every
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t > t∗ we have 0 ∈ supp(T (t)µ), and therefore by the observation above we have⋃
t≥0
supp(T (t)µ) = R+.
Note that from the biological point of view the irreducibility condition above is
very natural, it requires (when interpreting the structuring variable x as individual
size for example) that large individuals produce offspring of minimal size, see e.g.
[13].
We are now in the position to conclude by formulating our main result, describing
the asymptotic behaviour of solutions of model (2) in the following theorem.
Theorem 4.8. Let the assumptions of Proposition 4.4 hold true. Then, one of the
following holds true.
(i) The semigroup T (t) generated by A+B+ C is uniformly exponentially stable,
i.e. ω0(T ) < 0, that is, solutions of model (2) tend to zero.
(ii) There exists a λ∗ ≥ 0 and a finite rank operator P∗ on X such that
lim
t→∞
e−λ∗ t T (t) = P∗.
If in addition, the irreducibility condition in Proposition 4.7 holds true, then
the operator P∗ above is necessarily of rank one.
5. Further spectral properties
(1) The proof of Proposition 4.4 in fact shows that ωess(T ) ≤ −κ, i.e. the essential
spectrum of T (t) is contained in the left half-plane {λ ∈ C |Re(λ) ≤ −κ}.
(2) It is worthwhile to note that there is also a different concept of compactness
of a semigroup. In particular, a semigroup T (t) is called essentially compact,
if ωess(T ) < ω0(T ) holds, i.e. the essential growth bound is strictly less than
the growth bound of the semigroup (but possibly both being positive), see
e.g. [20, Ch.V]. For essentially compact (but not necessarily quasi-compact)
semigroups a similar result to Theorem 4.5 can be established. Moreover, es-
sential compactness is a necessary condition for balanced exponential growth,
as shown in [47]. To establish essential compactness of the semigroup govern-
ing model (2) one might be able to relax the lower bound we imposed on the
mortality. But we also note that in fact in principle it is possible that
−∞ < ωess(T ) = s(A+ B + C) = ω0(T ) < 0,
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in which case the semigroup T (t) is not essentially compact, but it is quasi-
compact. In fact, case (i) in Theorem 4.8 covers this scenario, see also below
for more details. Also note that an essentially compact semigroup can be
rescaled to obtain ωess(T ) < ω0(T ) < 0, i.e. the rescaled semigroup is quasi-
compact.
(3) Case (i) in Theorem 4.8 covers the following, mutually exclusive (and exhaus-
tive list of) possible scenarios.
• The spectrum of A+B+C is empty (in which case by definition we have
s(A+ B + C) = −∞.
• The spectrum of A + B + C is not empty, in which case by virtue of
positivity s(A+ B + C) ∈ σ(A+ B + C). Moreover, we have
s(A+ B + C) = −κ,
the semigroup does not necessarily exhibit balanced/asynchronous expo-
nential growth. The semigroup T (t) is also not necessarily essentially
compact, (but it is quasi-compact).
• The spectrum of A+ B + C is not empty, moreover we have
−κ < s(A+ B + C) ∈ σ(A+ B + C) < 0,
in which case the semigroup exhibits balanced/asynchronous exponential
growth, or rather decay. The semigroup T (t) is both essentially compact
and quasi-compact.
Case (ii) in Theorem 4.8 covers the following qualitatively different cases.
[Note that in both cases below, λ∗ = s(A + B + C) is necessarily an isolated
eigenvalue of finite algebraic multiplicity.]
• λ∗ = 0, and there exists a family of steady states of model (2), and
solutions of model (2) approach this (possibly multidimensional) subspace
of X+.
• λ∗ > 0, and the semigroup T (t) exhibits balanced exponential growth
(with a possibly multi-dimensional global attractor). If in addition the
semigroup T (t) is irreducible, then it exhibits asynchronous exponential
growth with a one dimensional globally attracting subspace, which is
spanned by the so-called final-size distribution.
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